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Question 1. Starting from the dynamic intertemporal budget constraint for a joint fiscal-
monetary authority,

dHCB,t = HCB,trtdt+
Mt

Pt
(rt + πt)dt+ (Tt −Gt)dt, (1)

derive the corresponding static intertemporal budget constraint

HCB,t + Et

∫ ∞
t

Λu
Λt
Tudu+ Et

∫ ∞
t

Λu
Λt

(ru + πu)
Mu

Pu
du = Et

∫ ∞
t

Λu
Λt
Gudu, (2)

where Λ is a stochastic discount factor process. Hint: Consider d(ΛtHCB,t) and assume
that limT→∞Et[ΛTHCB,T ] = 0.

Now derive the following alternative form of the static intertemporal budget constraint
and provide intuition for each term.

WCB,t + Et

∫ ∞
t

Λu
Λt

dMu

Pu
+ Et

∫ ∞
t

Λu
Λt
Tudu = Et

∫ ∞
t

Λu
Λt
Gudu, (3)

where

WCB,t = HCB,t +
Mt

Pt
. (4)

Question 2. Time is continuous, t ∈ [0,∞) = T . There is no risk. There is a representa-
tive agent with preferences defined over consumption rate and work flow. Her date-t utility
is given by ∫ ∞

t
e−δ(u−t)

(
lnCu −

N1+ϕ
u

1 + ϕ

)
du, (5)

where

Ct =

(∫
i∈[0,1]

Ct(i)
1

1−εdi

)1−ε

, (6)

and Ct(i) is the household’s rate of consumption for good i.
Differentiated goods are produced by a continuum of firms, i ∈ [0, 1], where firm i’s

date-t output flow is Yt(i), where

Yt(i) = AtNt(i), (7)
1
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and Nt(i) is firm i’s labor input flow and At is the level of technological progress, which is
common across firms, and is given by

dAt
dt

= µAt, givenA0 (8)

The nominal wage rate paid to the household is Wt.
The financial wealth of the household can be invested in a nominal bond, which pays

off 1 USD at an instant from now. The second is a claim on future dividends paid by the
firms, where the date-t real dividend is given by

Dt =

∫
i∈[0,1]

Dt(i), (9)

where Dt(i) is the date-t dividend flow paid by firm i:

Dt(i) = Yt(i)−
Wt

Pt
Nt(i). (10)

1. Work out the household’s dynamic intertemporal budget constraint. Hence, derive
the static date-t intertemporal budget constraint

Ht =

∫ ∞
t

Λu
Λt

(
Cu −

Wu

Pu
Nu

)
dt. (11)

2. Use the static formulation of the household’s optimization problem to show that

Λu
Λt

= e−δ(u−t)
(
Cu
Ct

)−1
(12)

and
Wt

Pt
= Nϕ

t Ct (13)

Show that the real risk-free rate is given by

rt = δ +
dct
dt
, (14)

where ct = lnCt.
3. By imposing market clearing for the composite consumption good, show that

Wt

PtAt
= N1+ϕ

t (15)

and
Wt

AtPt
=

(
Ct
At

)1+ϕ

(16)

4. Using conditions arising from market clearing, show that

Ht + Ct

∫ ∞
t

e−δ(u−t)
(
Cu
Au

)1+ϕ

dt =
1

δ
Ct. (17)

How would you interpret the term
∫∞
t e−δ(u−t)

(
Cu
Au

)1+ϕ
dt?
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5. By considering the optimization problem of an individual firm, show that

Wt

PtAt
=
ε− 1

ε
. (18)

Hence show that

Nt = N =

(
ε− 1

ε

) 1
1+ϕ

. (19)

6. Show that the real risk-free rate is given by

rt = δ +
dat
dt

= δ + µ. (20)

7. Prove that ∫ ∞
t

e−δ(u−t)
(
Cu
Au

)1+ϕ

dt =
1

δ
N. (21)

Hence show that

Ht =
1

εδ
Ct. (22)

8. Prove directly that the date-t value of aggregate dividends, Jt, where

Jt =

∫ ∞
t

Λu
Λt
Dudu, (23)

is given by

Jt =
Dt

δ
, (24)

where

Dt =
AtN

ε
(25)

9. What fraction of aggregate wealth is human capital?
10. Prove that

Vt = sup
(Cu)u∈T ,(Nu)u∈T

∫ ∞
t

e−δ(u−t)

(
lnCu −

N1+ϕ
u

1 + ϕ

)
du =

at
δ

+
µ

δ2
+

1

δ

(
lnN − N1+ϕ

1 + ϕ

)
,

(26)
where at = lnAt. Hence show that

Vt =
lnHt + ln(εδ)

δ
+
µ

δ2
− 1

δ

N1+ϕ

1 + ϕ
. (27)

11. Show that

lnNn − (Nn)1+ϕ

1 + ϕ
=

1

1 + ϕ

[
ln

(
1− 1

ε

)
−
(

1− 1

ε

)]
(28)
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Question 3. Time is continuous, t ∈ [0,∞) = T . There is no risk. There is a representa-
tive agent with preferences defined over consumption rate and work flow. Her date-t utility
is given by ∫ ∞

t
e−δ(u−t)

(
lnCu −

N1+ϕ
u

1 + ϕ

)
du, (29)

where

Ct =

(∫
i∈[0,1]

Ct(i)
1

1−εdi

)1−ε

, (30)

and Ct(i) is the household’s rate of consumption for good i.
Differentiated goods are produced by a continuum of firms, i ∈ [0, 1], where firm i’s

date-t output flow is Yt(i), where

Yt(i) = AtNt(i), (31)

and Nt(i) is firm i’s labor input flow and At is the level of technological progress, which is
common across firms, and is given by

dAt
dt

= µAt, givenA0 (32)

The nominal wage rate paid to the household is Wt.
Dt(i) is the date-t dividend flow paid by firm i:

Dt(i) = Yt(i)−
Wt

Pt
Nt(i)−Θt(i), (33)

where Θt(i) is an adjustment cost function given by

Θt(i) =
1

2
θ

(
dPt(i)/dt

Pt(i)

)2

PtYt. (34)

Firm i seeks to maximize the expected present value of its future dividends.
The financial wealth of the household can be invested in a nominal bond, which pays off

1 USD at an instant from now. The second is a claim on sum of future dividends paid by
the firms plus their price adjustment costs, which is given by∫

i∈[0,1]
Dt(i) + Θt(i)di. (35)

(1) By considering the optimization problem of an individual firm and assuming that
the price of good i is locally deterministic, show that

0 =
ε− 1

θ

(
ε

ε− 1

Wt

PtAt
− 1

)
+
dπt
dt
− δπt, (36)

where date-t inflation is given by

πtdt =
dPt
Pt

. (37)
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(2) By imposing market clearing, show that

0 =
ε− 1

θ

(
e(1+ϕ)xt − 1

)
+
dπt
dt
− δπt, (38)

where

x = lnX = ln
Y

Y n
, (39)

where Y n is natural output flow, i.e. output flow in the economy with no price
adjustment costs (θ = 0)

(3) Show that in equilibrium

Ht + extY n
t

ε− 1

ε

∫ ∞
t

e−δ(u−t)e(1+ϕ)xudu =
extY n

t

δ
(40)

(4) Show that the nominal interest rate is given by

it = rt + πt. (41)

Show also that the real risk-free rate is given by

rt = rnt +
dxt
dt
, (42)

where rn is the natural rate of interest. Hence, show that

it = rnt + πt +
dxt
dt
. (43)

(5) Prove that

πt =
ε− 1

θ

∫ ∞
t

e−δ(u−t)
(
e(1+ϕ)xu − 1

)
du, (44)

if

lim
T→∞

e−ρ(T−t)πT = 0. (45)

Hence, show that the date-t value of human capital is given by(
1

ε
δθπt + 1− 1

ε

)
extY n

t

δ
(46)

(6) Prove that, in equilibrium, the household’s value function

Vt = sup
(Cu)u∈T ,(Nu)u∈T

∫ ∞
t

e−δ(u−t)

(
lnCu −

N1+ϕ
u

1 + ϕ

)
du, (47)

is given by

Vt = V n
t +

∫ ∞
t

e−δ(u−t)xudu−
1

1 + ϕ

θ

ε
πt, (48)

where

V n
t =

at
δ

+
µ

δ2
+

1

δ

(
lnNn − (Nn)1+ϕ

1 + ϕ

)
, (49)
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and

Nn
t = Nn =

(
ε− 1

ε

) 1
1+ϕ

. (50)


